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SYNOPSIS: A two parameter incremental shear-volume coupling equation is presented for sand. The 
equation is based upon experimental data and gives predictions that are in excellent agreement 
with data over a range of relative densities and stress conditions. Empirical expressions for 
the two parameters based on incorporated in a simple shear pore pressure element model and the 
predictions of the model are compared with both saturated undrained cyclic strain and cyclic 
load tests. It is found that, provided a threshold strain is incorporated, the model predic-
tions are in very good agreement with the laboratory data over a wide range of stress and 
density conditions. The element model is also calibrated against field experience during earth-
quakes, and predicts pore pressure rise and liquefaction behaviour in close agreement with 
current design practice. The model can easily be calibrated to represent any cyclic loading 
data and is appropriate for incorporation in "loose coupled" dynamic analyses procedures such as 
those employed by Finn and his colleagues. 
INTRODUCTION 
Cyclic shear loading can induce significant 
volumetric compression strains in unsaturated 
sands which can result in undesirable ground 
settlements and possible damage to struc-
tures. In saturated sands, such loading can 
induce pore pressure rise and liquefaction 
which may result in severe damage to struc-
tures. Cyclic loading may arise from a 
number of causes, including earthquakes, ice 
loading, blasting, machine vibration, wind 
and wave loading. 
Experimental evidence indicates that volum-
etric compression strains are induced by 
cyclic shear strain due to a coupling between 
the shear and volumetric response of sand. 
These volumetric strains are plastic in 
nature rather than elastic as they are not 
recovered at the end of a loading cycle. A 
rigorous effective stress dynamic analysis of 
soil structures comprised of sandy material 
requires a stress-strain law that includes 
shear-volume coupling effects for repeated 
load cycles. Such a stress-strain law is 
very complex and will require many parameters 
to adequately model the observed laboratory 
and field behaviour under cyclic loading 
conditions. 
A simple effective stress analysis approach 
was first proposed by Martin et al. ( 1975). 
The basis of the approach is an equation 
linking the increment of volumetric strain 
per cycle of load with the shear strain 
occurring during that particular cycle. For 
a drained condition, the increments can be 
simply added to give the accumulated 
volumetric strain with number of cycles as 
carried out by Finn and Byrne (1976). 
For an undrained condition the increment of 
volumetric strain will lead to a rise in 
porewater pressure that can be computed by 
imposing volume constraints together with an 
47 
elastic rebound modulus. Pore pres sure 
computed in this way can be incorporated in a 
simple incremental elastic dynamic response 
analysis in which the tangent stiffness is 
modified with both the level of shear strain 
and the pore pressure rise. Since the pore 
pressures can only be computed after each 
cycle or 1/2 cycle of strain as the analysis 
proceeds, this procedure is referred to as 
loose-coupled. The first effective stress 
dynamic analyses by this procedure were 
presented by Finn, Byrne and Martin (1976). 
The procedure has since been extensively 
developed by Finn et al. (1986). 
A key factor in the loose-coupled effective 
stress approach is the cyclic shear-v.olume 
coupling equation. Martin et al. proposed a 
4 parameter equation based on laboratory data 
on a single sand at a single relative 
density. Finn and Byrne (1976) suggested an 
additional equation for predicting volume 
changes at other relative densities. A 
detailed examination of the Martin et al. 
equation shows that it is not generally 
stable. Herein, an alternative two parameter 
equation is proposed that gives excellent 
agreement with measurements over a range of 
relative densities. The parameters can 
easily be derived from cyclic loading tests, 
or can be estimated from relative density or 
penetration values based upon available data. 
The parameters can be used in analysis to 
predict expected plastic volume changes and 
settlements under dry or drained conditions 
and/or pore pressure rise and liquefaction of 
saturated sands in either an effective or 
total stress dynamic analysis. 
CYCLIC SHEAR-VOLUME COUPLING EQUATION 
Martin et al. (1975) proposed the following 
incremental shear-volume coupling equation 
for sand under simple shear loading: 
in which 
r 
c 1. c 2 
c'. c. 
( 1) 
the increment of volumetric strain in 
percent per cycle of shear strain, 
the accumulated volumetric strain 
from previous cycles in per cent, 
the amplitude of shear strain in per 
cent for the cycle in question, and 
constants for the sand in question at 
the relative density under considera-
tion. 
The basic data used by Martin et al. to 
determine their equation is shown in Fig. 1 
and comprises accumulated volumetric strain 
versus number of cycles from simple shear 
tests on crystal silica sand conducted at 
three different levels of shear strain and a 
relative density of 45%. 
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Fig. 1. Volumetric strains from constant 
amplitude cyclic simple tests. Test 
data from Martin et al. (1975). 
It may be seen from Fig. 1 that the volumet-
ric strain increases with the level of shear 
strain applied, and that for the same level 
of shear strain, the rate of accumulation of 
volumetric strain reduces with number of 
cycles. Martin et al. plotted this same data 
in an incremental form as shown in Fig. 2, 
and it indicates that the volumetric strain 
per cycle, t.Ev• depends upon the current 
level of applied strain as well as the 
accumulated volumetric strain, i.e., the 
accumulated volumetric strain is the hardener 
that controls the plastic volume change in 
the current cycle. Also, in this form it is 
not necessary that the shear strain be the 
same for every cycle in a loading sequence. 
However, from this figure, it is difficult to 
express the data in equation form. 
An alternative form to plot the data of Fig. 
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VOLUMETRIC STRAIN, Ev% 
Alternative volumetric strain curves 
from the data of Fig. 1. 
strain per cycle, t.€v• is plotted versus the 
accumulated volumetric strain, €v• for the 
three levels of shear strain. If the axes of 
Fig. 3 are divided by the shear strain, the 
three curves of Fig. 3 collapse to the single 
curve in the dimensionless plot shown in Fig. 
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The data also shows that the accumulated 
volumetric strain at the end of 15 uniform 
cycles is about 5 times greater than for the 
lst cycle, hence 
c = (€V)1, 
1 5 r 
( 4) 
This equation may be preferable to equation 
(3) in many instances, because there is 
considerable data on (€v) 15 as a function of 
relative density. 
The parameter C 2 controls the shape of the 
accumulated volume change with number of 
cycles. The predicted shape is shown in Fig. 
5 and is in good agreement with the Martin et 
al. data as well as the Tokimatsu and Seed 
(1987) data. The Tokimatsu and Seed data is 
for a range of relative densities, while the 
Martin et al. data is just for Dr = 45%. 
Since the shape is the same for all densities 
the parameter C2 is a constant fraction of C1 
for all relative densities and can be 
prescribed as: 
C2 = 0.4/C 1 ( 5) 
The fundamental incremental shear-volume 
coupling equation therefore involves only one 
constant, c,, which depends on the density of 





























NUMBER OF CYCLES 
Relationship between volumetric 
strain ratio and number of cycles 
for dry sands. Test data from 
Tokimatsu and Seed (1987). 
accumulated volumetric strain at any specific 
number of cycles is known. However, it is 
suggested that the second constant C2 be 
preserved as it gives greater flexibility in 
matching the data if a more complete history 
of accumulated volumetric strain is avail-
able. 
Tokimatsu and Seed (1987) have> ,.;...fisented 
accumulated volumetric strains da,. ~fter 15 
cycles for a range of cyclic shear strains 
and relative densities and these are shown in 




































Relationship between volumetric 
strain and shear strain for dry 
sands. Test data from Silver and 
Seed (1971). 
Tokimatsu and Seed interpretation of the 
data, and based on their lines, and using 
Eqs. (4) and (5), the following values of C1 
and C2 are computed: 
Table 1. C1 and C2 from Relative Density 
Dr (€e)1,/r c1 c. 
45 2.8 0.56 0.71 
60 1.2 0.24 1. 66 
80 0. 6 5 0. 13 3.08 
The model predictions using these values of 
c 1 and C 2 are also shown in Fig. 6 and are 
seen to be in excellent agreement with the 
data. The Martin et al. data is also shown 
on this figure and denoted by MFS, and is 
seen to lie below the Tokimatsu and Seed 
data. 
The c 1 value can be expressed in equation 
form as follows: 
( 6) 
in which Dr is in %, and 
C2 = 0.4/C 1 ( 7) 
Tokimatsu and Seed also show values of accu-
mulated volumetric strains after 15 cycles as 
a function of normalized standard penetration 
test values (N 1) 60 • Their data is not shown 
as it just involves a conversion from Dr to 
(N 1 l • o • 
The conversion between relative density and 
(N 1), 0 used by Tokimatsu and Seed can be 
approximated in the range 30 < Dr < 90 by: 
( 8) 
Based on their data and using Eqs. (4) and 
(6), the values of C1 and C2 are as follows: 
Table 2. C1 and C2 from SPT N Values 
(N 1) • o (€e)1,/r C I c. 
5 5 1 0.4 
10 2.5 0.5 0.8 
20 1.0 0.2 2.0 
30 0.6 0.12 3.33 
40 0.3 0.06 6.66 
The C 1 and C 2 values can be expressed in 
equation form as follows: 
c 1 
c. 




The volumetric strain equation can be incor-
porated in a dynamic analysis to compute the 
volumetric strains arising from any one-
50 
dimensional series of strain pulses at any 
depth in a sand stratum. Integration of such 
strains will give the settlement at any point 
within the stratum. 
For a random pattern of strain cycles it is 
appropriate to modify the basic equation to 
compute the volumetric strains per 1/2 cycle 
as follows: 
(llEvl 1/2 cycle 
(11) 
The volumetric strains can also be used to 
compute pore pressure rise and liquefaction 
and this is discussed in the next section. 
VOLUMETRIC STRAIN AND PORE PRESSURE RISE 
If the pores of the sand are saturated with 
water and if the water has not sufficient 
time to drain during the cycles of loading, 
the pore pressure will rise and liquefaction 
may occur. The pore pressure rise for satur-
ated undrained conditions can be computed 
from volume compatibility as follows: 
( 12) 
in which 
ll€v the total incremental change in 
volumetric strain per 1/2 cycle 
ll€~ the elastic incremental change in 
volumetric strain per 1/2 cycle 
ll€e the plastic incremental volumetric 
strain per 1/2 cycle 






the change in vertical effective 
stress per 1/2 cycle 
the constrained rebound 




The volumetric strains referred to in the 
previous section and in particular Eq. (11) 
are not recoverable and are therefore plastic 
strains, and in the discussion to follow will 
be given the superscript p. 
For saturated undrained conditions ll€v 
and hence from Eqs. (12) and (13), 0' 
(14) 
If there is no change in total stress then 
llov = 0, and the change in porewater pressure 
lluv= -llo, hence 
6u = M 6e:e ( 15) 
Knowing 6e:e from Eq. (11) for any known half 
cycle of strain, the pore pressure rise per 
half cycle can be computed from Eq. (15). 
The pore pressure generated, ug, by any 
specified pattern of strain cycles can be 
computed by simply summing the pore pressure 
increments, i.e., ug = ~6u. 
The appropriate rebound effective stress 
constrained tangent modulus, M appears to 
depend only upon the level of effective 
stress and not the relative density, and can 
be prescribed as follows: 
M 
o• 
K P (_y_) m 
m a Pa (16) 
Values of Km = 1600 and m = 0.5 give moduli 
that are in good agreement with values 
reported by Martin et al. (1975) as well as 
results of liquefaction tests. 
CYCLIC STRAIN CONTROLLED RESPONSE 
A pore pressure model for predicting simple 
shear response of a sand element under 
prescribed cycles of shear strain can be 
developed from the equations presented in the 
previous sections and these have been incor-
porated in the computer code SSLIQ (Byrne, 
1990). The purpose here is to check this 
model against laboratory data. 
Pore pressure rise from cyclic strain 
controlled tests are shown in Fig. 7 and 
indicate that there is a threshold shear 
strain below which plastic volumetric strains 
and pore pressure rise will not occur in 
undrained tests. These tests involve a very 
large number of cycles. It was found that 
the model based on Eq. 11 overpredicted the 
volumetric strains and pore pressures. A 
correction to the shear strain to account for 
threshold strain is necessary to obtain 
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SHEAR STRAIN AMPLITUDE, r% 
Fig. 7. Excess porewater pressure build-up 
versus shear strain amplitude, 
resonant column tests. 
The threshold strain effect is accounted for 
by specifying an effective or plastic shear 
51 
strain, 7*, to be used in Eq. 
follows: 
1* = 1 - 1t 
in which 
1t the threshold strain 
( 11) as 
( 17) 
Model predictions with 1t = 0 and 0.005% are 
shown in Fig. 7. 1t = 0 clearly overpredicts 
the pore pressure response while 1t = 0.005% 
gives a lower bound to the response. 1t = 
.002% gave a best fit to the data but is not 
shown on the figure for clarity. 
Strain controlled cyclic triaxial tests 
reported by NRC (1985) and attributed to 
Dobry are shown in Fig. 8 and indicate that 
little pore pressure is generated for 10 
cycles of strain if the cyclic strain is less 
than 0.01%. 1t = .005% gives an upper bound 
to this data. Based upon the data of these 
two figures a compromise 1t = 0.005% was 
selected for calibration with the results of 
load controlled tests. 
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SHEAR STRAIN, l'c% 
Excess porewater pressure build-up. 
Test data from NRC (1985). 
CYCLIC LOAD CONTROLLED RESPONSE 
In predicting the cyclic load controlled 
undrained response of saturated sand using 
the proposed model, it is necessary to intro-
duce a shear-stress strain law in order to 
compute shear strains from the applied shear 
stresses. 
Shear Stress-Strain Law 
Numerous researchers (Seed & Idriss (1970); 
Hardin & Drnevich (1972); Tokimatsu & Seed 
(1987)), have proposed shear stress-strain 
relations for sand. The relations are 
nonlinear but are generally expressed using a 
strain compatible secant modulus that is 
usually specified in terms of a maximum shear 
modulus, Gmax and a modulus reduction factor 
that depends upon the level of shear stress 
or strain. Based on Seed and Idriss (1970), 
the maximum shear modulus, Gmax which occurs 
at shear strain values of less than lO-•% can 
be expressed as: 
o• 
Gmax = 21.7 (K ) P (____!!!.) 0. 5 
• max a Pa (18) 
which 
(K,lmax a modulus parameter that depends 
on the density or (N 1 ) 6 0 value of 
the sand 
Pa = atmospheric pressure in the units used 
and 
o~ = the mean normal effective stress 
Seed and Idriss (1970) data on (k 2 lmax indi-
cates that it can be expressed as a function 
of Dr by the following equation: 
(k,lmax ( 19) 
in which Dr is in %. 
In terms of (N 1 ) 60 , Seed et al. (1986) 
suggest that, 
1 ' 3 (K 2 lmax = 20(N 1 ) 60 ( 2 0) 
Equations (18), (19), and/or (20) allow Gmax 
to be computed when the effective stresses 
and (N 1 ) 60 or relative density are known. 
Hardin and Drnevich (1972), Seed et al. 
(1986) and Tokimatsu and Seed (1987) propose 
modulus reduction curves that allow the 
appropriate strain compatible secant modulus 
to be computed. The Hardin and Drnevich 
approach is used here as it gives results 
similar to Seed et al. and is readily 
expressed in mathematical form as follows: 
G = Gmax = (-1-) 
l+rh 
( 21) 
in which rh = hyperbolic strain. The details 
involved in computing rh are given in the 
Appendix. 
Liquefaction Resistance 
The shear stress-strain equations were incor-
porated in the SSLIQ program. This allows 
the shear strain to be computed for the 
prescribed shear stress, and account is taken 
of the rising pore pressure and its effect on 
the shear modulus. 
The predicted liquefaction resistance curves 
are compared with laboratory measured values 
for three different relative densities in 
Fig. 9. It may be seen that both the char-
acteristic shape of the predicted curves as 
well as the actual stress ratio values are in 
good agreement with the measurements over the 
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100 
Laboratory Dolo 
o Dr= 82% 
o Dr• 68% 
Dr= 54% 
Cyclic stress ratio versus number of 
cyclic to initial liquefaction. 
Test data from shaking table tests, 
De Alba et al. (1976). 
The characteristic shape of the liquefaction 
resistance curves can be better examined in 
terms of a dimensionless stress ratio tN/t 15 
versus the number of cycles to liquefaction 
and this is shown in Fig. 10. Both the 
laboratory data and the model predictions are 
for a range of relative densities and normal 
stresses. It was found that the character-
istical shape was strongly dependent on the 
threshold strain value assumed and this is 
shown in the figure. For a threshold strain 
value of zero, as was initially considered, a 
poor fit was obtained (not shown). The best 
fit was obtained using a threshold strain 
Yt = 0.01%. An adequate fit is obtained with 
Yt = 0.005%, and this value is used in all 
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Liquefaction resistance curves presented by 
Seed et al. ( 1985) and based on field obser-
vations during past earthquakes are presented 
in Fig. 11. These curves presently represent 
the state of the practice and are based on 
stress ratios computed from the earthquake, 
normalized standard penetration resistance 
values (N 1 ) 60 at the sites in question, and 
field evidence of liquefaction. The chart 
lines are considered to represent the field 
resistance for M7. 5 earthquakes causing 15 
load cycles. 
The model prediction for initial liquefac-
tion, ug/o0 = 1 in 15 cycles, is shown as the 
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Relationship between cyclic stress 
ratio, (N 1 ) 60 value and liquefac-
tion, M=7.5. Test data from Seed 
et al. (1984). 
close agreement with the field data except at 
the higher (N 1 ) 6 0 values, where the model 
predictions lie below the Seed line. The 
lowest seed line is for a cyclic strain 
amplitude of 3%. Initial liquefaction occurs 
at strains of less than 0. 5%, and for the 
denser material with the high (N 1 ) 6 0 value, 
additional cycles would be required to induce 
3% strains and this may account for the 
divergence in the predicted and observed 
response shown. At the lower densities, 
large strains occur as soon as the initial 
liquefaction condition is reached, so that 
the curves for all strains converge as shown 
at lower (N 1 ) 6 0 values. 
The characteristic shape of the pore pressure 
rise curve with number of constant amplitude 
load cycles is examined in Fig. 12. The num-
ber of cycles is expressed in dimensionless 
form as the ratio of the current cycle 
number, n, to the number of cycles to cause 
initial liquefaction, n 1 . It may be seen 
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Rate of pore pressure 
cyclic simple shear. 
from Seed et al. (1976) 
build-up in 
Test data 
The generated pore pressure ratio as a func-
tion of factor of safety against tiggering 
liquefaction is shown in Fig. 13. The factor 
of safety is defined as the ratio of the 
stress ratio to cause liquefaction to the 
applied stress ratio, and the pore pressures 
are examined at n = n 1 . Also shown on the 
figures is laboratory data on a range of sand 
and gravels. The model results follow the 
trend of the measurements and plot near the 
upper bound for sands. 
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Fig. 13. Excess Porewater Pressure and 
Factor of Safety Against Liquefac-
tion. Test data from Marcuson et 
al. (1990). 
SUMMARY 
A simple 2 parameter incremental shear-volume 
coupling equation has been presented for 
sand. The equation is based upon laboratory 
data and gives predictions that are in very 
good agreement with laboratory data over a 
range of relative densities. The model para-
meters can be obtained from laboratory tests 
or they may be estimated from existing data 
if the relative density or (N 1 ) 60 value of 
the sand is known. 
The shear-volume coupling equation is 
incorporated in a cyclic simple shear pore 
pressure element model which includes an 
elastic rebound modulus equation that allows 
the excess pore pressures to be computed for 
any prescribed cyclic shear strain history. 
A comparison with laboratory cyclic strain 
test data indicates that there is a threshold 
shear strain, Tt' whose value is in the range 
2.10-> to 10- 2 % below which plastic volumet-
ric strain and pore pressure rise does not 
occur. The existing data suggests that Tt = 
0.005% is appropriate. 
The model is extended to cyclic loading tests 
by the introduction of a shear stress-strain 
law in which the shear modulus is modified 
for both the current strain and excess pore-
water pressure. This allows the appropriate 
shear strain to be computed for the current 
cycle. 
The model predictions are compared with 
laboratory cyclic load tests and field 
experience during earthquakes, and found to 
be generally in excellent agreement both in 
terms of trends and in terms of specific 
values. 
The model parameters are easily obtained from 
specific test data using the interactive 
computer code SSLIQ. Parameters that will 
match existing design curves based on (N 1 ) 6 0 
values are built into SSLIQ. These para-
meters may then be incorporated in dynamic 
analysis programs such as 1-DLIQ (Byrne and 
Yan, 1990), based on Finn, Byrne and Martin 
(1976), or they could be incorporated in a 
modified version of TARA-3 (Finn et al., 
19 8 6) . 
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The appropriate secant 





in the text, 
G = 0 max ( 1 1 ) + lh 
(Al) 
where 
lh _J_ [ 1 + a EXP(-b __L_) l 
I ref I ref 
(A2) 
a -0.2 log Ncyc (A3) 
b 0.16 
I ref 1 max1°max (A4) 
and 
l+K 1-K 0. ) 2 l l / 2 1 max [(--0 o~sin<jl) 2 - (--0 2 2 v 
(AS) 
where 
Ko the at-rest pressure coefficient 
<P' the effective friction angle of 
the sand given by 
<P' <jl: - ll.<jl' log(o~/Pa) (A6) 
. 
<P, 32° + (N 1 ) 60 /3 (A7) 
and 
ll.<jl' = 0.18 (N 1) • o (AS) 
o' v the vertical effective stress 
If a and b are taken to be zero, then 
G = 0max ( 1 - 1 cyc1 1 maxl (A9) 
The modulus reduction curves G/Gmax defined 
by either Eq. (Al) or (A9) essentially fall 
within the modulus reduction band suggested 
by Seed et al. ( 1986). Equation (Al) was 
used in all predictions. 
55 
